THOMSON REUTERS

[COTII 2019] ISSN 2348 - 8034
Impact Factor- 5.070

GLoBAL JOURNAL OF ENGINEERING ScCIENCE AND RESEARCHES

DECOMPOSTION OF THE TENSOR Tijkn IN A FINSLER SPACE
P.K . Dwivedi™, S.C. Rastogi’, A.K. Dwivedi’ & S.Maithani*
MEAAIMT, SLUCKNOW
2Flat No. 105, Shagun Vatika, Lucknow
SCIPET, LUCKNOW

ABSTRACT
The-tensor Tijkh, was simultaneously defined and studied in an n-dimensional Finsler space by Matsumoto [3] and
Kawaguchi [1], in (1972). This is one of the most important tensor in the study of Finsler spaces of n-dimensions
and it has been studied by several authors namely Matsumoto and Shimada [5], Rastogi [7] and [9] and others. In
this paper an attempt has been made to decompose this tensor and study some of its properties. Besides this we have
also defined and studied an n-dimensional T-reducible Finsler space

I. INTRODUCTION
Let F" be an n-dimensional Finsler space with metric function L(x, y), metric tensor gj (, y), and angular metric
tensor h;jjand torsion tensor Ci. The h-and v-covariant derivatives of a tensor field X'; are defined as follows Rund
[10]:
Xiit i = 8 X Fiine — X F™e (1.1)
And
Xk =Ak X+ XM Clio — Xl CMie (1.2)
Where 8k = gx= N™ Am gk and Ax respectively denote partial differentiation with respect to x'and y'.
The two torsion tensors Ajjx and Pijare defined as

Aiik= L Cij, 2 Ci=Ak Gij, Pi Ajio= A" I'=y' Lt (1.3)

The second and third curvature tensors are given as
Pijkn = C (. { Ajwn1i +Ajr P jn} (1.4

And

S iikn = Cachy {Ainr An}

Where C (;, jy mean interchange of indices | and j and subtraction.

The T-tensor is symmetric in i, j, k, h and is expressed as Matsumoto [4]:

Tijkn = L Cijln + 1i Cjn + 1 Cini + Ik Cijn +1n Cij (1.6)
II.  DECOMPOSITION OF T-TENSOR IN F™ Let Tijxn be expressed as

Tijkh = Mijk Br + Mikh Bj + Mijin Bi + Mijjh Bk + Cij Cin + Cij Cin + Cik G
+ Dj Dj Dy Dy (2.1)
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Where the vectors Bjand Djare non-zero and the tensors Mijx and C;; are symmetric and non-zero.

If we define a tensor Lijn by
Lijn = Cij Ckn + Cjk Cin + Cik Cjn + Di Dk Dy (2.2)
From equation (2.1) on multiplication by 1" we can obtain
Mijk Bo+ Miko Bj + Mijo Bk + Lijko = 0. (2.3)
Equation (2.3) on further multiplication by 1% gives
2 Mijo Bo + Miso  Bj+ Moo Bi+ Lijoo = 0. (2.4)
Equation (2.4) on multiplication by I gives
3 Migo Bo + Mogo Bi+ Liooo =0 (2.5)
Equation (2.5) on multiplication by 1'gives
4 Mioo Bo+3 C20 +D% =0 (2.6)
If we assume that B, # 0, equation (2.6) implies
Mooo = - (4Bo)? (3C%0 + Do?) 2.7)
Substituting the value of Moo from (2.7) in (2.5), we get
Mioo = (Bo)2 [(3 Coo? + Do*) Bi — 4 By Liooo] / 12 (2.8)
Substituting the value of Migo from (2.8) in (2.4) we get
Mijo = - (Bo)® [Bi Bj (3 Coo®+ Do*) — 2 Bo (Bj Liooo + Bi Ljooo)1/12 — (2 Bo)™* Lijooo  (2.9)
Substituting from equation (2.9) the value of Mij in (2.3), we get

Mijk = (]./4)Bo'4 (3C002 +Do4)Bi Bj Bk 7(1/3) Bo'3 (Bi Bj Lkooo + Bj bk Liooo +Bk Bi Ljooo)+(l/2) Bo'2 (Bi ijoo + Bj Lijoo -2
Bo Lijko). (2.10)

Substituting in (2.1) from (2.2) and (2.10), we get on simplification

Tikn = Lijkn - Bo? (BiLjkno + Bj Likno + Bn Lijko) + Bo? (Bi Bj Lknoo + Bj Bk Lnioo + Bk Bn Lijoo + Bn Bi Likoo + Bj Bk
Linoo + Bj Bn Likoo) — Bo® (Bi Bj Bk Lnooo+ BjBk Bn Liooo + Bk Bn Bi Ljooo + Bn Bi Bj Lkooo) + Bo™ (3 Coo? + Do*) Bi B;
Bk Bh. (2.11)

From equation (2.11), we can establish:

Theorem 2.1- In an n-dimensional Finsler space F", if By # 0, the tensor Tikn can be decomposed in the form of
(2.12).

If in equation (2.6) we assume that Mogo = 0 and Bo # 0, we get Coo? + Do* =0,  which leads to:
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Theorem 2.2- If By # 0, the necessary and sufficient condition for vanishing for Mog is given by 3 Coo?+ Do* = 0.
Substituting Moo =0, in (2.3), (2.4) and (2.5) we get
Mioo = Do® (3 Bo Cooy* (Cio Do— Coo D) (2.12)

Mijo = -Do® (6Bo? Co0)X[Bi (Cjo Do— Coo Dj) + Bj(Cio Do— Coo Di)]
- (250)'1 (Cij Coo + Cio Cjo + Di D Doz) (2.13)

Mijk = -(Bo)’lz(i,j,k)[-Do3(6502 Coo)'l {Bi(Cjo Do — Coo Dj) + Bj (Cio Do — Coo Di)}
- (280)'1 (Cij Coo + Cio Cjo + Di D Doz) + Cjj Co + (1/3)Di Dj D« Do] (2.14)

Application of (2.12), (2.13) and (2.14) in (2.11) gives.
Tijkn = Lijkn — Bo™ (Bi Ljkno + Bj Likno +Bk Lijno + B 1 Lijko) + Bo™%(Bi Bj Linoo
+B; Bk Lioo + Bk Bh Lijoo + B Bi Ljkoo + Bi Bk Lijnoo + BjBrn Likoo)-Bo™
(Bi Bj Bk Lnooo *+B;j Bk Lnooo + Bj Bk Bn Liooo + Bk Bn Bi Ljooo + Bh Bi Bj Lkooo), (2.15)
Where
Looo = 0, Liooo = 3Co0 Do (Cio Do — Cao Di),
Lijoo = Coo Do (Cij Do*— 3 Coo Di Dj) + 2 Cio CjO,
Lijko = Cij Cko + Cjk Cio + Cik Cjo —3 Do Coo? Di Dj Dk (2.16)

Hence we have:

Theorem 2.3- In an n-dimensional Finsler space F", if Bo # 0 and Moo = 0, the tensor Tijx can be expressed by
(2.15).

I1l. T- REDUCIBLE FINSLER SPACES
We shall now consider some special cases

Case I. Cjj = hij: Equation (2.1), by virtue of (2.2) can be expressed as
Tijkn = hij hkn + hjchin + hik hjn + Di Dj Dy Dy, (3.1)

Furthermore from equation (3.1), by virtue of Tij, 1" = 0, we can obtain, Do = 0. It is very well known that torsion
vector C;satisfies Co = 0, therefore most suitable value of the tensor Tij, can be expressed as

Tijkn = hij hi + hijk hin + hi hjn + C; Cj Ck Chy (3.2)
From equation (3.2), we give following definition:
Definition 3.1- A finsler space F", whose tensor Tijn is given by (3.2), shall be called T-reducible Finsler space.

Case Il. Two-dimensional Finsler space F?: Equation (3.2), can be expressed as
Tijkh = (3+C*) mim;j mmi, (3.3)

It is known that in a two dimensional Finsler space Tijn is expressed as Matsumoto [4]
Tijkn = L 1,2 mi mjmic mp,
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Therefore, comparing equations (3.3) and (3.4), we obtain

Theorem 3.1- In a two dimensional T-reducible Finsler space scalar I,,= L (C*+3).

Case I11. Three dimensional Finsler space F*: Equation (1.6) can be expressed as Rastogi [9]
Tijkh = mimj M b — X, j, k){mi mj Mg Nh Bh = m; m; Nk Yh } + Ninjng n (35)

Where

=L Cuyln + Cyln + 3C2 Vi, B =L Czyln + Cip) In — (C1y — 2 Ca)) Vi
¥h =L C@a)lh + C) I + C2) V. dh = L Cpy)ln + Ce) I (3.6)

In a three dimensional finsler space equation (3.2) can be expressed as

Tijkh = (3+C4) mi mj MMy + 3 Ni Nj Nk N+ Zi, i £Mi M N N + ning memi 3 (3.7)
Comparing equations (3.5) and (3.6), we can obtain

L C(1)||o = - C(l), L C(l)”h m"'=3 (1-C(2) V2)32) +C* , L C(1)||h n"=-3 C(z) V2)33,

L Calo= - Cp), L Colhm" = (C-2c@Va, L Celhn"=(Ca-2Ce) Vasa-|

L C(g)"o =- C(3), L C(3)||h mh = -C(z)V2)32.| ,LC (S)Hh nh = - C(z)Vz )33 (38)

Hence we have:

Theorem 3.2- In a three dimensional T-reducible Finsler space F? , coefficients Cyylo and Cs)lo satisfy equations
(3.8).

IV. T-REDUCIBLE N-DIMENSIONAL FINSLER SPACES
Here we shall consider some special cases of n-dimensional finsler spaces
Case |. C2 - like Finsler space: It is known that a C2 — like Finsler space satisfies [6]
Cix=C2CiCj Ck (4.1)
Therefore, from equation (1.6), we can obtain
Tijn = L{-2 C3Clp CiCjCyx+ C*Cily Cx+ CiCjCuln)}
+C2(I;CjCxCh+1jCx CiCh+ I CiCj Cy + In Ci Cj Cx) (4.2)
If C2 —like Finsler space is also T-reducible Finsler space, comparing equations (3.2) and (4.2) and multiplying the
resulting equation by g", we get
(n+1) hin+ C2 CCh =L {-2C* Cly Ck+ 2 C2 Ciln C' C + Ciln } + 1k Cn + I C (4.3)

Which further leads to

C' (Cilh Ck-Cilk Ch)=C(Cly Cx - Clh Ck—Clc Cp), C' Cilp =-L*C? (4.4)
Hence we have:
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Theorem 4.1- An n-dimensional C2-like T-reducible Finsler space F", satisfies (4.4)

Case I1. P2-like Finsler space: It is known that for an arbitarary vector field M;, the second curvature tensor of a
P2 — like Finsler space satisfies [4]

Pijkh = Mi Cjkn — M Cikn (4.5)
Which leads to Py = Mo Cjkn. Using this relationship in equation (1.6), we obtain on simplification
L Tijknlo — Mo Tijkn = L(L Cijln lo - Cijilln) (4.6)

If P2 —like Finsler space F" is also T-reducible, by virtue of equations (3.2) and (4.6), we can obtain on
simplification

L(L C"l10- C"ly) = C3(4L Clo- C Mo) — (n%-1) Mo (4.7)

Hence we have:

Theorem 4.2- An n-dimensional P2-like T-reducible Finsler space F", satisfies (4.7).

Case I11. PT2-like Finsler space: It is known that in a PT2-like Finsler space tensor Pij. satisfies Rastogi [8]:
Piik= P2 P; P; Pk (4.8)

By virtue of equations (1.6), (3.2) and (4.8), we can easily obtain

L2 CPlyio = 2 C? (C Plo+ P" Cp) (4.9)

Hence we have:

Theorem 4.3- An n-dimensional PT2-like T-reducible Finsler space F", satisfies (4.9)

Case IV. C-Reducible Finsler space: It is known that in a C-reducible Finsler space Tiun is given by Matsumoto

[2]:

Tijn = L (N2 = 1) C'lr Zq, j, 1 {hij hin} (4.10)

Therefore on comparison with equation (3.2) , we can obtain

Theorem 4.4- If an n-dimensional C-reducible Finsler space F", is also T-reducible, it satisfies L C'l, = C* + n? — 1.
Case V. P-reducible Finsler space: It is known that in a P-reducible Finsler space F"

Piik = (n+1) (Ailo hjk + Ajio hii + Axlo hij) (4.11)

Which by virtue of equation (3.2) and
Tijknlo = L2 Cijlnio + lo Pjkn + I Piin + I Pijn + In Pijn (4.12)

On simplification leads to
CMlio =4 C? L2 Ay C" (4.13)

Hence we have:
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Theorem 4.5- If an n-dimensional P-reducible Finsler space F" is also T-reducible, it satisfies equation (4.13).

Case VI. T2-like Finsler space: It is known that in a T2- like Finsler space F" (n > 2), Tijn is expressed as
Rastogi [7]
Tijn = A(X,y) Zqj ofhij hen} (4.14)

Therefore from equations (3.2) and (4.14), we can obtain
A(x,y) = (C*+n? - 1)(n?-1)? (4.15)
Which leads to?

Theorem 4.6- In a T2-like Finsler space F", which is also T-reducible, the scalar A(x,y) is given by equation (4.15).

Case VII. T3-like Finsler space: It is known that in a T3- like Finsler space F" (n > 3), Tikn is expressed as
Rastogi [9]
Tijkn = Zq,j, 0 { ankhij + bk Ci Ci} (4.16)

Where ank and bk are arbitrary second order tensors such that an, = 0 and bn=0.
Comparing equations (3.2) and (4.16), we can obtain on simplification

(n+1) aok + (C? 8+ 2 C' Cy) boi =0 4.17)
Hence we have:

Theorem 4.7- In a T3-like Finsler space F", which is also T-reducible, the tensors agx and bok satisfy equation
(4.17).

Case VIII. Ank = Prc®: It is known that Pn®, is given by Shimada [11]

Pr® = Cian — Chywj + Pl Cjp — P Cr (4.18)
Therefore from equations (3.2) and (4.18), we can obtain

Bk C* = (3C?) ™ [(n+1+C*)Cp — (n+1){Cuun — Clhuaj + Pl C'jp — P'c C/} C] (4.19)

Which by virtue of _
(n+1)(Phk(1) — hhk) + bk C%+2 bhi C' Ck= C? CkCy, (4.20)

Leads to

Bhk= C‘Z[(n+1)(hhk-Phk(1)) + (3C2)'1 Ck Ch(.?) C4—2C2—2(n+1) + 2Cx {(n+l)(3C2)'1
+ (Cim + Chiij — P Cjn + P'hi Cr)C'}H (4.21)

Hence we have:

Theorem 4.8- In a T3-like Finsler space F", which is also T-reducible and from which the tensor anis equal to PWp,
, the tensor bnk is given by (4.21).
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