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ABSTRACT 
The-tensor Tijkh, was simultaneously defined and studied in an n-dimensional Finsler space by Matsumoto [3] and 

Kawaguchi [1], in (1972). This is one of the most important tensor in the study of Finsler spaces of n-dimensions 

and it has been studied by several authors namely Matsumoto and Shimada [5], Rastogi [7] and [9] and others. In 

this paper an attempt has been made to decompose this tensor and study some of its properties. Besides this we have 

also defined and studied an n-dimensional T-reducible Finsler space 

 

I. INTRODUCTION 
 
Let Fn be an n-dimensional Finsler space with metric function L(x, y), metric tensor gij (x, y), and angular metric 

tensor hij and torsion tensor Cijk. The h-and v-covariant derivatives of a tensor field Xi
j are defined as follows Rund 

[10]: 

   

Xi
j‖ k = δk Xm

j Fi
mk –Xi

m Fm
jk         (1.1) 

 

And 

 

Xi
j‖ k =∆k Xi

j + Xm
j Ci

mk – Xi
m Cm

jk,       (1.2) 

 

Where δk = ᵹk = Nm
k ∆m,  ᵹk  and ∆k  respectively denote partial differentiation with respect to xi and yi.  

 

The two torsion tensors Aijk   and Pijk are defined as  

 

   Aijk = L Cijk, 2 Cijk =∆k gij, Pijk  Aijk‖ 0 = Aijk‖
 r

 lr = yi L-1 (1.3) 

 

The second and third curvature tensors are given as 

Pijkh = C (i, j) { Ajkh ‖ i +Ajkr Pr 
jh}       (1.4) 

 

And 

 

S ijkh = C(k.h) {Aihr Ar
jh} 

 
Where C (i, j) mean interchange of indices I and j and subtraction. 

 

The T-tensor is symmetric in i, j, k, h and is expressed as Matsumoto [4]: 

 

Tijkh = L Cijk‖h + 1i Cjkh + 1j Ckhi + lk Cijh +1h Cijk    (1.6) 

 

II. DECOMPOSITION OF T-TENSOR IN F
n. 

Let Tijkh  be expressed as  
 

Tijkh = Mijk Bh + Mikh Bj + Mjkh Bi + Mijh Bk + Cij Ckh + Cij Cih + Cik Cjh  

       + Di Dj Dk Dh    (2.1)   
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Where the vectors Bj and Dj are non-zero and the tensors Mijk and Cij   are symmetric and non-zero. 

 
If we define a tensor Lijkh by   

 

Lijkh = Cij Ckh + Cjk Cih + Cik Cjh + Di Dk Dh     (2.2) 

 

From equation (2.1) on multiplication by 1h, we can obtain 

 

Mijk   Bo + Miko Bj + Mijo Bk + Lijko = 0.      (2.3) 

 

Equation (2.3) on further multiplication by 1k gives 

 

2 Mijo Bo + Mioo   Bj + Mjooo Bi + Lijoo = 0.     (2.4) 
 

Equation (2.4) on multiplication by Ij gives 

 

3 Mioo Bo + Mooo Bi + Liooo =0       (2.5) 

 

Equation (2.5) on multiplication by 1i gives 

 

4 Mioo Bo +3 C2
00 +D4

0   = 0       (2.6) 

 

If we assume that Bo ≠ 0, equation (2.6) implies 

 

Mooo =   - (4Bo)-2 (3C2
00 + D0

4)       (2.7) 
 

Substituting the value of M000 from (2.7) in (2.5), we get 

 

Mi00 = (B0)-2 [(3 C00
2 + D0

4) Bi – 4 B0 Li000] / 12    (2.8) 

 

Substituting the value of Mi00 from (2.8) in (2.4) we get 

 

Mij0 = - (B0)-3 [Bi Bj (3 C00
2 + D0

4) – 2 B0 (Bj Li000 + Bi  Lj000)]/12 – (2  B0)-1 Lij000  (2.9)  

 

Substituting from equation (2.9) the value of Mij0 in (2.3), we get 

 
Mijk = (1/4)B0

-4 (3C00
2 +D0

4)Bi  Bj Bk –(1/3) B0
-3 (Bi Bj Lk000 + Bj bk  Li000 +Bk Bi Ljooo)+(1/2) B0

-2 (Bi  Ljk00 + Bj  Lij00 -2 

B0  Lijko).    (2.10) 

 

Substituting in (2.1) from (2.2) and (2.10), we get on simplification  

 

Tijkh   = Lijkh  - B0
-1  (Bi Ljkho  + Bj  Likh0 + Bh Lijk0) + B0

-2 (Bi Bj Lkh00 + Bj  Bk  Lhi00  + Bk Bh Lij00  + Bh Bi Ljk00 + Bj  Bk 

Ljh00 + Bj  Bh  Lik00) – B0
-3 (Bi  Bj  Bk Lh000 + Bj Bk Bh Li000 + Bk Bh Bi  Lj000 + Bh Bi Bj Lk000) + B0

-4 (3 C00
2 + D0

4 ) Bi Bj 

Bk Bh.  (2.11) 

 

From equation (2.11), we can establish: 

 

Theorem 2.1- In an n-dimensional Finsler space Fn , if B0  ≠ 0, the tensor Tijkh  can be decomposed in the form of 
(2.11). 

 

 If in equation (2.6) we assume that M000 = 0 and B0 ≠ 0, we get C00
2 + D0

4 = 0,    which leads to: 
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Theorem 2.2- If B0 ≠ 0, the necessary and sufficient condition for vanishing for M000 is given by 3 C00
2 + D0

4   = 0. 

Substituting M000 =0, in (2.3), (2.4) and (2.5) we get 
 

Mi00 = D0
3 (3 B0 C00)

-1 (Ci 0  D0 – C00 Di)      (2.12) 

 

Mijo = -D0
3 (6B0

2 C00)-1[Bi (Cjo D0 – C00  Dj) + Bj (Ci0 D0 – C00 Di)] 

   - (2B0)-1 (Cij C00 + Ci0 Cj0 + Di Dj D0
2)    (2.13) 

 

Mijk = -(B0)-1Σ(i,j,k)[-D0
3(6B0

2 C00)-1 {Bi(Cj0 D0 – C00 Dj) + Bj (Ci0 D0 – C00 Di)} 

 - (2B0)-1 (Cij C00 + Ci0  Cj0 + Di Dj D0
2) + Cij Ck0 + (1/3)Di Dj Dk D0]  (2.14) 

 

Application of (2.12), (2.13) and (2.14) in (2.11) gives. 

 
Tijkh = Lijkh – B0

-1 (Bi Ljkh0 + Bj Likho +Bk Lijho + B h Lijko) + B0
-2(Bi Bj Lkh00 

  +Bj Bk Lhi00 + Bk Bh Lij00 + Bh Bi  Ljk00 + Bi Bk Ljh00 + Bj Bh  Lik00)-B0
-3 

(Bi Bj Bk Lh000 +Bj Bk Lh000 + Bj Bk Bh Li000 + Bk Bh Bi Lj000 + Bh Bi Bj Lk000), (2.15) 

 

Where  

 

L000 = 0, Li000 = 3C00 D0
-1 (Ci0 D0 – C00 Di), 

Lij00 = C00 D0
-2 (Cij D0

2 – 3 C00 Di Dj) + 2 Ci0 Cj0, 

Lijko = Cij Ck0 + Cjk Ci0 + Cik Cj0 – 3 D0
-3 C00

2 Di Dj Dk     (2.16) 

 

Hence we have: 

 
Theorem 2.3-  In an n-dimensional Finsler space Fn , if B0 ≠ 0 and M000 = 0, the tensor Tijkh can be expressed by 

(2.15). 

 

III. T- REDUCIBLE FINSLER SPACES 
 

We shall now consider some special cases  

 

Case I. Cij = hij:  Equation (2.1), by virtue of (2.2) can be expressed as 

Tijkh = hij  hkh + hjk hih + hik hjh + Di Dj Dk Dh      (3.1) 
 

Furthermore from equation (3.1), by virtue of Tijkh 1h = 0, we can obtain, D0 = 0. It is very well known that torsion 

vector Ci satisfies C0 = 0, therefore most suitable value of the tensor Tijkh can be expressed as 

 

Tijkh = hij hkh + hjk hih + hik  hjh + Ci Cj Ck Ch       (3.2) 

 

From equation (3.2), we give following definition: 

 

Definition 3.1-  A finsler space Fn , whose tensor Tijkh is given by (3.2), shall be called T-reducible Finsler space. 

 

Case II. Two-dimensional Finsler space F2: Equation (3.2), can be expressed as  
Tijkh = (3+C4) mi mj mk mh           (3.3) 

 

It is known that in a two dimensional Finsler space Tijkh is expressed as Matsumoto [4] 

Tijkh = L-1 l,2 mi mj mk mh, 
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Therefore, comparing equations (3.3) and (3.4), we obtain 

 
Theorem 3.1- In a two dimensional T-reducible Finsler space scalar l,2 = L (C4+3). 

 

Case III. Three dimensional Finsler space F3: Equation (1.6) can be expressed as Rastogi [9] 

Tijkh = mi mj mk άh – Σ(i, j, k ){mi mj mk nh ßh = mi mj nk ƴh  } + ni nj nk δh (3.5) 

 

Where 

 

άh = L C(1)‖h  + C(1)lh + 3 C(2) vh, ßh = L C(2)‖h + C(2) lh – (C(1) – 2 C(3)) vh. 

ƴh  = L C(3)‖h + C(3) lh + C(2) vh. δh = L C(2)‖h + C(2) lh         (3.6) 

 

In a three dimensional finsler space equation (3.2) can be expressed as 
 

Tijkh  = (3+C4) mi mj mk mh  + 3 ni nj nk nh + Σ(i, j,k) {mi mj nk nh + ni nj mk mh } (3.7) 

 

Comparing equations (3.5) and (3.6), we can obtain  

 

L C(1)‖0 =  - C(1), L C(1)‖h mh = 3 (1-C(2)  v2)32) + C4 , L C(1)‖h nh = -3 C(2) v2)33,  

L C(2)‖0 =  - C(2), L C(2)‖h mh =  (C(1) -2C(3)v2)32,  L C(2)‖h nh = ( C(1) -2C(3)) v2)33-l 

L C(3)‖0 = - C(3), L C(3)‖h mh = -C(2)v2)32-l , L C (3)‖h nh  = - C(2)v2 )33  (3.8) 

 

Hence we have: 

 

Theorem 3.2- In a three dimensional T-reducible Finsler space F3 , coefficients C(1)‖0  and C(3)‖0 satisfy equations 
(3.8). 

 

IV. T-REDUCIBLE N-DIMENSIONAL FINSLER SPACES 
 

Here we shall consider some special cases of n-dimensional finsler spaces 

 

Case I. C2 – like Finsler space: It is known that a C2 – like Finsler space satisfies [6]  

 

 Cijk = C-2 Ci Cj Ck          (4.1) 
 

Therefore, from equation (1.6), we can obtain 

 

Tijkh =  L{ -2 C-3 C‖h  Ci Cj Ck + C-2(Ci‖h  Ck + Ci Cj Ck‖h)} 

+ C-2 ( li Cj Ck Ch + lj Ck  Ci Ch + lk  Ci Cj Ch  + lh Ci Cj  Ck )          (4.2) 

 

 

If C2 –like Finsler space is also T-reducible Finsler space, comparing equations (3.2) and (4.2) and multiplying the 

resulting equation by gij, we get 

 

(n+1) hkh + C2 Ck Ch = L {-2C-1 C‖h Ck + 2 C-2 Ci‖h Ci Ck  + Ck‖h } + lk Ch + lh Ck (4.3) 
 

Which further leads to 

 

Ci (Ci‖h  Ck - Ci‖k Ch ) = C(C‖h Ck  - C‖h Ck – C‖k Ch),  Ci Ci‖0  = -L-1 C2 (4.4) 

Hence we have: 
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Theorem 4.1- An n-dimensional C2-like T-reducible Finsler space Fn, satisfies (4.4) 

 
Case II. P2-like Finsler space:  It is known that for an arbitarary vector field Mi, the second curvature tensor of a 

P2 – like Finsler space satisfies [4] 

 

Pijkh = Mi Cjkh – Mj  Cikh      (4.5) 

 

Which leads to Pjkh = M0 Cjkh.  Using this relationship in equation (1.6), we obtain on simplification  

 

L Tijkh‖0 – M0 Tijkh = L(L Cijk‖h ‖o - Cijk‖h)           (4.6) 

 

If P2 –like Finsler space Fn is also T-reducible, by virtue of equations (3.2) and (4.6), we can obtain on 

simplification  
 

L(L Ch‖h ‖0 - Ch‖h) = C3(4L C‖0- C M0) – (n2-1) M0              (4.7) 

 

Hence we have: 

 

Theorem 4.2- An n-dimensional P2-like T-reducible Finsler space Fn, satisfies (4.7). 

 

Case III. PT2-like Finsler space: It is known that in a PT2-like Finsler space tensor Pijk satisfies Rastogi [8]: 

 

Pijk = P-2 Pi Pj Pk                (4.8) 

 

By virtue of equations (1.6), (3.2) and (4.8), we can easily obtain  
 

L2 Ch‖h‖0 = 2 C2 (C P‖0 + Ph Ch)             (4.9) 

 

Hence we have: 

 

Theorem 4.3- An n-dimensional PT2-like T-reducible Finsler space Fn, satisfies (4.9) 

 

Case IV. C-Reducible Finsler space: It is known that in a C-reducible Finsler space Tijkh is given by Matsumoto 

[2]: 

 

Tijkh = L (n2 – 1)-1 Cr‖r Σ(I, j, k) {hij hkh}       (4.10) 
 

Therefore on comparison with equation (3.2) , we can obtain 

 

Theorem 4.4-  If an n-dimensional C-reducible Finsler space Fn, is also T-reducible, it satisfies L Cr‖r = C4 + n2 – 1. 

 

Case V. P-reducible Finsler space: It is known that in a P-reducible Finsler space Fn  

 

Pijk = (n+1)-1 (Ai‖0 hjk + Aj‖0 hki + Ak‖0 hij)            (4.11) 

 

Which by virtue of equation (3.2) and 

Tijkh‖0 = L2 Cijk‖h‖0 + l0 Pjkh + lj Pkih + lk Pijh + lh Pijh          (4.12) 

 
On simplification leads to  

Ch‖h‖0 = 4 C2 L-2 Ah‖0 Ch              (4.13) 

 

Hence we have: 
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Theorem 4.5- If an n-dimensional P-reducible Finsler space Fn is also T-reducible, it satisfies equation (4.13). 

 
Case VI. T2-like Finsler space:  It is known that in a T2- like Finsler space         Fn (n > 2), Tijkh is expressed as 

Rastogi [7] 

 

Tijkh = A(x,y) Σ(I, j, k){hij hkh}            (4.14) 

 

Therefore from equations (3.2) and (4.14), we can obtain 

 

A(x,y) = (C4 + n2 – 1)(n2-1)-1            (4.15) 

 

Which leads to?  

 
Theorem 4.6- In a T2-like Finsler space Fn, which is also T-reducible, the scalar A(x,y) is given by equation (4.15). 

 

Case VII. T3-like Finsler space: It is known that in a T3- like Finsler space         Fn (n > 3), Tijkh is expressed as 

Rastogi [9] 

 

Tijkh = Σ(I, j, k) { ahk hij + bhk Ci Cj}          (4.16) 

 

Where ahk and bhk are arbitrary second order tensors such that aho = 0 and bho=0. 

 

Comparing equations (3.2) and (4.16), we can obtain on simplification  

 

(n+1) aok + (C2 δi
k + 2 Ci Ck) b0i = 0          (4.17) 

 

Hence we have: 

 

Theorem 4.7-  In a T3-like Finsler space Fn, which is also T-reducible, the tensors a0k and bok satisfy equation 

(4.17). 

 

Case VIII. Ahk = Phk
(1): It is known that Phk

(1), is given by Shimada [11] 

 

Phk
(1) = Ck‖h – Cj

hk‖j + Pj
kr Cr

jh – Pr
hk Cr          (4.18) 

 

Therefore from equations (3.2) and (4.18), we can obtain 
 

Bhk Ck = (3C2)-1[(n+1+C4)Ch – (n+1){Ck‖h – Cj
hk‖j + Pj

kr Cr
jh – Pr 

hk Cr} Ck]  (4.19) 

 

Which by virtue of 

(n+1)(Phk
(1) – hhk) + bhk C2+ 2 bhi Ci  Ck =  C2 Ck

 Ch,        (4.20) 

 

Leads to  

 

Bhk = C-2[(n+1)(hhk-Phk
(1)) + (3C2)-1 Ck Ch(3 C4-2C2-2(n+1) + 2Ck {(n+1)(3C2)-1 

            + (Ci‖h + Cj
hi‖j – Pj

ir Cr
jh + Pr

hi Cr)Ci}]        (4.21) 

 

Hence we have: 

 

Theorem 4.8- In a T3-like Finsler space Fn, which is also T-reducible and from which the tensor ahkis equal to P(1)
hk 

, the tensor bhk is given by (4.21). 
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